Modern theory of the orbital magnetization is applied to the series of insulating perovskite transition metal oxides (orthorhombic YTiO 3 , LaMnO 3 , and YVO 3 , as well as monoclinic YVO 3 ), carrying a net ferromagnetic (FM) moment in the ground state. For these purposes, we use an effective Hubbard-type model, derived from the first-principles electronic-structure calculations and describing the behavior of magnetically active states near the Fermi level. The solution of this model in the mean-field Hartree-Fock approximation with the relativistic spin-orbit coupling typically gives us a distribution of the local orbital magnetic moments, which are related to the sitediagonal part of the density matrixD by the "standard" expression µ 0 = −µ B Tr{LD} and which are usually well quenched by the crystal field. In this work, we evaluate "itinerant" corrections ∆M to the net FM moment, suggested by the modern theory. We show that these corrections are small and in most cases can be neglected. Nevertheless, the most interesting aspect of our analysis is that, even for these compounds, which are typically regarded as normal Mott insulators, the "itinerant" corrections reveal a strong k-dependence in the reciprocal space, following the behavior of Chern invariants. Therefore, the small value of ∆M is the result of strong cancelation of relatively large contributions, coming from different parts of the Brillouin zone. We discuss details as well as possible implications of this cancelation, which depends on the crystal structure as well as the type of the magnetic ground state.
INTRODUCTION
Orbital magnetism is one of the oldest and most fundamental phenomena. All our present understanding of magnetism developed from the classical concept of orbital motion, which is much older than the concept of spin. The orbital magnetization can be probed by many experimental techniques, including susceptibility measurement, electron paramagnetic resonances, x-ray magnetic circular dichroism, neutron diffraction, etc.
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At the same time, the orbital magnetism appears to be one of the most difficult and challenging problems for the theory, especially when it comes to the level of first-principles electronic structure calculations. If the methods of spin magnetism are relatively well elaborated, the study of orbital magnetism is sometimes regarded to be on a primitive stage.
There are two reasons for it.
The first one is that the spin magnetism, in principle, allows for the description starting from the limit of homogeneous electron gas, which is widely used as an approximation for the exchange-correlation energy (the so-called local spin density approximation or LSDA) in the spin-density functional theory (SDFT). On the contrary, the orbital magnetism implies some inhomogeneities of the medium, being associated with either the spin-orbit (SO) interaction or the external vector potential, which are necessary to induce the magnetization. 4 Therefore, for the correct description of orbital magnetization on the level of first-principles electronic structure calculations, it is essential to go beyond the homogeneous electron gas limit. Furthermore, there may be even more fundamental problem, related to the fact that the Kohn-Sham SDFT (even the exact one) does not necessary guarantee to yield correct orbital currents and, therefore, the orbital magnetization, which is defined in terms of these currents. 5 This means that the orbital magnetization (or any related to it quantity) should be treated as an independent variational degree of freedom in the density functional theory (DFT). 6 Historically, this problem in calculations of the orbital magnetization was noticed first, and on earlier stages all the efforts were mainly concentrated on the improvement of SDFT, by introducing different kinds of semi-empirical orbital functionals (Refs. 7-10) or moving in the direction of ab initio current SDFT (Ref. 11) . Most of these theories emphasized the local character of the orbital magnetization, implying that (i) it can be computed using the standard expression
for the expectation value of the angular momentum operatorL in terms of the site-diagonal part of the density matrixD, where µ B = e /2mc is the Bohr magneton in terms of the electron charge (−e), its mass (m), the Plank constant ( ), and the velocity of light (c);
and (ii) the effect of exchange-correlation interactions on µ 0 can be also treated in the local form, by considering only properly screened on-site interactions and the same site-diagonal elements of the density matrix (Ref. [7] [8] [9] or of the lattice Green function (Ref. 10) . Even today, the problem of how to "decorate" DFT in order to describe properly the effects of orbital magnetism in solids is largely unresolved and continues to be one of the most important and interesting issues.
Nevertheless, the new turn in the theory of orbital magnetism was not directly related to fundamentals of DFT. It was initiated by another fundamental question of how the orbital magnetization should be computed for extended periodic systems. This new direction, which we will refer to as the "modern theory of orbital magnetization", emerged nearly one decade ago and is a logical continuation of the similar theory of electric polarization:
as the position operator r is not well defined in the Bloch representation, similar problem is anticipated for the orbital magnetization operator (−e/2c)r × v, which is also expressed through r. Then, the correct consideration of thermodynamic limit yielded a new and rather nontrivial expression for the orbital magnetization, being another interesting manifestation of the Berry-phase physics.
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The modern theory of the orbital magnetization is basically an one-electron theory. It does not say anything about the form of exchange-correlation interactions. Therefore, it
would not be right to think that applications of the modern theory will automatically resolve all previous problems, related to the form of the exchange-correlation functional and limitations of LSDA. The magnetic structure of these materials depends on a subtle interplay of the crystal distortion, relativistic SO coupling, and electron correlations in the magnetically active bands. Therefore, from the computational point of view, it is more convenient to work with an effective Hubbard-type model, derived from the first-principles electronic structure calculations, and focusing on the behavior of these magnetically active bands.
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The previous applications showed that such a strategy is very promising and the effective model provides a reliable description for magnetic ground-state properties of YTiO 3 , YVO 3 , and LaMnO 3 .
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The rest of the paper is organized as follows. In Sec. II we briefly remind to the reader the main aspects of the modern theory of the orbital magnetization in solids. In Sec. III, we identify the main contributions to the net orbital magnetic moment in the case of basis -when the Bloch wavefunction is expanded over localized Wannier-type orbitals, centered at magnetic sites. Then, if the magnetic sites are located in the centers of inversion (the case that we consider), the net orbital magnetic moment will have two contributions: the local one, which is given by the "standard" expression (1), and an "itinerant" correction to it, suggested by the modern theory. The behavior of the second part is closely related to that of Chern invariant, which for the normal insulators with the canted FM structure can be viewed as a "totally itinerant quantity": the Chern invariant is given by certain Brilloin zone (BZ) integral. The individual contributions to this integral in each k can be finite. However, the total integral, which can be regarded as a local (or site-diagonal) component of some k-dependent property, is identically equal to zero. Then, in Sec. IV we will briefly explain details of our calculations and in Sec. V we will present numerical results for YTiO 3 , YVO 3 , and LaMnO 3 . We will show that the "itinerant" correction to the net orbital magnetic moment is small. However, this small value is a result of cancelation of relatively large contributions, coming from different parts of the BZ. Finally, in Sec. VI we will summarize our work.
II. GENERAL THEORY
According to the modern theory of the orbital magnetization, 15-17 the net orbital magnetic moment of a normal periodic insulator satisfies the following expression:
where u nk (r) = e −ikr ψ nk (r) is the cell-periodic eigenstate of the Hamiltonian H k = 17 It is important that all these methods yield the same expression for M.
In the modern theory of the orbital magnetization, the behavior of M is closely related to that of Chern invariants
which was originally introduced to characterize the Hall conductance. 26 For the normal insulators, C itself vanishes. Nevertheless, the integrand of Eq. (3) (which is also related to the Berry curvature in the multi-band case) can be finite, depending on the symmetry of the crystal and the type of the magnetic ground state. Thus, the finite value of M in normal insulators can be viewed as a result of additional modulation of the Berry curvature by the k-dependent quantities H k and E nk .
Furthermore, it is understood that all electron-electron interactions are treated in the spirit of Kohn-Sham DFT, that results in the self-consistent determination of the singleparticle Hamiltonian H with the SO interaction. It is important that the orbital magnetization (or related to it orbital currents) should participate as an independent variable of the energy functional, so that M can be found through the expectation value of the angular momentum operator in the basis of occupied Kohn-Sham orbitals ψ nk (r) of the Hamiltonian H. 6 Nevertheless, as was explained in the Introduction, the form of this functional is not known. Therefore, in practical calculations, we have to rely on additional approximations.
In the present work, we use H obtained in the mean-field Hartree-Fock (HF) approximation for the effective Hubbard-type model, which is derived from the first-principles electronic structure calculations and is aimed to capture the behavior of the magnetically active states near the Fermi level. 25 This model HF approach can be viewed as a functional of the sitediagonal density matrix in the basis of localized Wannier orbitals, which serve as the basis of the effective low-energy model. Thus, the basic strategy of the present work is the following: (i) The HF method is expected to reproduce the local part of the orbital moment, which is related to the site-diagonal density matrix by Eq. (1); 9 and (ii) We hope that it can also serve as a good starting point for the analysis of other contributions to M. Another possibility is to use current DFT, supplemented with some additional approximations for the exchange-correlation energy.
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The first term in Eq. (2), which is called the "local circulation" M LC , is the lattice periodic contribution from the bulk Wannier orbitals, while the second terms (the "itinerant circulation", M IC ) arises from the surface of the sample and remains finite in the thermodynamic limit. 15, 16 In the multi-orbital case, each contribution become gauge invariant (and, therefore, can be treated separately) if one uses the covariant derivatives:
where P k = n |u nk u nk | is the ground-state projector. The total moment M = M LC + M IC is not affected by the transformation (4). Moreover, in this covariant form, the formulation becomes gauge invariant not only for the BZ integrals, but also for their integrants in each k-point of the reciprocal space. 16 The same holds for the Chern invariants (3). This allows us to discuss the k-dependence of the net orbital magnetic moments.
III. ORBITAL MAGNETIZATION AND BASIS
In this section we will consider how the main expression for M [Eq. (2)] can be reformulated in the presence of basis. For these purposes, let us expand |ψ nk over some basis of localized orbitals |φ α (r − R) , centered at atomic sites R:
where N is the number of primitive cells, α is a combination of spin and orbital indices (and, if necessary, the site indices in the primitive cell). The basis itself satisfies the orthonormality condition:
In our case, {φ α (r − R)} is the basis of the Wannier functions, used for the construction of the effective low-energy model. 25 However, it can be viewed in a more general sense: for example, as the basis of nearly orthogonal linear muffin-tin orbitals of the LMTO method, For these purposes, we take the wavefunctions in the form (5) and substitute them in Eq. (2). Then, the k-space gradient of |u nk will have two contributions:
and we have to consider four possible contributions to Eq. (2):
Moreover, we assume that all transition-metal sites are located in the inversion centers -the situation, which is indeed realized in perovskites with the P bnm and P 2 1 /a structure. Then, the Wannier functions {φ α (r − R)} will be either even or odd with respect to the inversion centers, and we will have the following property:
In this case, after some tedious but rather straightforward algebra, which is explained in Supplemental Materials, 30 one can obtain the following expressions for the local circulation:
Im
and the itinerant circulation:
where
and
are the Wannier matrix elements of Hamiltonian and periodic part of the angular momentum operator (divided by ), respectively. Moreover, Eq. (12) implies that the momentum operator p is related to the velocity v = (i/ )[H, r] in a "nonrelativistic fashion": p = mv.
Thus, the local circulation has two terms. The first one (M 0 ) is the standard contribution, that is given by periodic part of the angular momentum operator in the Wannier basis. Due to orthonormality condition (6), the main contributions in Eq. (12) arise from the site-diagonal elements with R = R ′ . It can be best seen in the LMTO formulation, 29 where the tail of the basis function φ α (r−R) near the atomic site R ′ is expanded over energy derivatives of {φ α (r − R ′ )}. Then, since the function is orthogonal to its energy derivative, all contributions with R = R ′ in Eq. (12) will vanish after the radial integration. Therefore,
, and M 0 is given by the standard expression, In the following, we will also call M 0 the net local magnetic moment and ∆M the itinerant correction to M 0 . This is because, for normal insulators, the Chern invariant itself can be regarded as a totally itinerant quantity: It is given by the BZ integral of the Berry curvature. The Berry curvature itself is k-dependent. However, the local component of it, that is given by the BZ integration, is identically equal to zero. Therefore, it is logical to view ∆M, whose from is similar to C, also as an itinerant contribution to the net orbital magnetic moment. Moreover, for the totally localized states,Ĥ k and E nk will not depend on k. Therefore, in this case ∆M will vanish, similar to C. This is another reason why ∆M can be associated with the itinerant contribution to the orbital magnetic moment. One can also paraphrase this discussion in the following way: the Berry curvature in the BZ integrals Strictly speaking, if the model Hamiltonian H includes the SO interaction term,
which originates from Pauli equations and is valid in the second order of 1/c, the velocity operator v = (i/ )[H, r] will consists of two contributions:
The theory of orbital magnetization implies that the second term in Eq. (14) can be neglected, that results in the nonrelativistic expression p = mv. This can be done because the contribution of the second term of Eq. (14) to the orbital magnetic moment (2) is of the order of 1/c 3 , which is formally beyond the accuracy of Pauli equations.
In order to calculate∂ k c nk along the direction i of the BZ, we have used the discretized covariant derivative technique, which is well suited for insulators:
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where q is the vector that connects k with the nearby point in the direction i andc nk+q is the "dual" state, defined in terms of the overlap matrix (S k,k+q ) nn ′ = c nk |c n ′ k+q as
As for the k-space integration, we have used the grid of about 70×70×50 points in the first BZ, which guarantees an excellent convergence for ∆M depending on the number of k-points.
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V. RESULTS
A. YTiO 3
YTiO 3 crystallizes in the orthorhombic P bnm structure (in our calculations, we used the experimental structure parameters, measured at 2 K). (Table I) . As was explained above, it is parallel to the c axis. circulation terms. These results are summarized in Table I . As expected, the projections of ∆M onto the orthorhombic a and b axes are identically equal to zero. The c projection (∆M c ) is finite. However, it is more than two orders of magnitude smaller than M 0 c and, therefore, can be safely neglected. In principle, this result is also anticipated for the considered transition-metal oxides, which are frequently regarded as Mott insulators and in which the magnetically active 3d states are relatively well localized.
Nevertheless, it is interesting to gain some insight by investigating the origin of such a small value. For these purposes we analyze the integrand
and plot it along high-symmetry directions of the BZ (see Fig. 2 ). Notations of the highsymmetry points of the BZ were taken from the book of Bradley and Cracknell. 32 We obtained that two components, ∆M a (k) and ∆M b (k), are identically equal to zero in each ). This result is summarized in Fig. 3 , where we plot ∆M c (k a , k b , k c ) for k c = 0 and Table I . Thus, the small value of ∆M c is the result of strong cancelation of relatively large contributions ∆M c (k), coming from different parts of the BZ. This is the reason why we consider ∆M as an itinerant quantity. Moreover, the strong k-dependence of ∆M implies that after the Fourier transformation to the real space, in addition to the small site-diagonal component, this quantity will have a large nonlocal (or off-diagonal with respect to the atomic sites) part. Since the k-dependence is smooth, this Fourier series will converge and such a real-space analysis can be justified.
As was already pointed out in Sec. II, this behavior is closely related to that of the Chern invariants. For our purposes, it is convenient to rewrite C in the following form:
For the normal insulators, C is zero, and this property is perfectly reproduced by our calculations. However, due to the specific symmetry of the G a -A b -F c ground state of YTiO 3 ,
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the integrand C c (k) can be finite in the individual k-points, while two other projections of C(k) onto the orthorhombic a and b axes are identically equal to zero. Furthermore, the k-dependence of C c (k) is very close to that of ∆M c (k) (see Fig. 2 ). Thus, in the case of Chern invariant C c (k), the contributions from different parts of the BZ exactly cancel each other. However, in the expression for ∆M c , the k-dependence of C c (k) for each band is additionally modulated with k-dependent quantitiesĤ k and E nk , that leads to a small but finite value of ∆M c (see Table I ). It also explains why ∆M LC c (k) and M IC c (k) reveal very similar k-dependence: in both cases, it is dictated by the k-dependence of C c (k), which appears to be more fundamental quantity. 
B. LaMnO 3
LaMnO 3 is another compound, crystallizing in the orthorhombic P bnm structure. 34 It has the same G a -A b -F c type of the magnetic ground state, which is realized below T N ≈ 140 K.
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This magnetic ground state was successfully reproduced in our mean-field HF calculations for the low-energy model. The basic difference from YTiO 3 is that the spin magnetic structure is nearly A-type antiferromagnetic (AFM) and the FM canting of spins in the c direction is really small. In this sense, LaMnO 3 is the canonical weak ferromagnet. Nevertheless, the orbital magnetic structure is strongly deformed: in comparison with the spin one, there is a large deviation from the collinear A-type AFM alignment and an appreciable canting of the orbital magnetic moments in the direction of a and c, which can be seen even visually in (Table I ).
The behavior of ∆M(k) is qualitatively the same as in YTiO 3 : it has similar structure and similar type of cancelation between different parts of the BZ (Fig. 5) . Taking c by factor five. However, there is again a strong cancelation with the negative contributions around the X and U points of the BZ, which, after the integration, leads to the small value of ∆M c . Moreover, in LaMnO 3 there is a partial cancelation between LC and IC contributions to ∆M c (see Table I ).
Like in YTiO 3 , the k-dependence of ∆M c (k) in LaMnO 3 follows the form of C c (k) (Fig. 5) .
Nevertheless, one interesting aspect is that the amplitude of C c (k) in LaMnO 3 is smaller than in YTiO 3 (Fig. 2) , while for ∆M c (k) the situation is exactly the opposite. This difference may be related to the number of occupied bands (16 YVO 3 has two crystallographic modifications: orthorhombic P bnm, which is realized below 77 K, and monoclinic P 2 1 /a above 77 K (in our calculations, we use the experimental structure parameters at 65 K and 100 K, respectively). 36 The magnetic structure, realized in the orthorhombic P bnm phase is F a -C b -G c (Fig. 6) . The type of the magnetic ground state in orthorhombic YVO 3 is different from the one of YTiO 3 and LaMnO 3 . As a result, the k-dependence of C(k) and ∆M(k) is also different.
Since the net magnetic moment is parallel to the orthorhombic a axis, only a projection of ∆M is finite, while two other projections are identically equal to zero. Then, ∆M a (k)
reaches the maximal value of 0.099 µ B in the X point of the BZ (Fig. 7) , which exceeds the net local magnetic moment M 0 a by more than one order of magnitude (Table I ). There are other positive contributions, originating from the X, Z = (0, 0, For the sake of clarity, the arrows for the orbital magnetic moments in the sublattice (1,2) were scaled in order to have the same length as for the spin magnetic moments. The orbital magnetic moments in the sublattice (3, 4) are additionally quenched by stronger crystal field.
Nevertheless, they are well compensated by the negative contributions, coming from the T and R = ( (Table I ).
This behavior is totally consistent with the form of C a (k).
A completely different type of cancelation occurs in the monoclinic phase of YVO 3 . In this case, the net orbital moment is parallel to the monoclinic b axis (Table I) (Fig. 8) . This behavior is again consistent with the form of C b (k) and explains the small value of integrated ∆M b in Table I . and IC, respectively, and the sum of these two contributions is denoted as 'total'.
VI. CONCLUSIONS
We have applied the modern theory of orbital magnetization to the series of characteristic distorted perovskite transition-metal oxides with a net FM moment in the ground state. Our applications cover the examples of canted (but yet robust) ferromagnetism in orthorhombic YTiO 3 as well as weak ferromagnetism caused by either antisymmetric Dzyalishinskii-Moriya interactions in orthorhombic LaMnO 3 and YVO 3 or imperfect cancelation of magnetic moments between two crystallographic sublattices in monoclinic YVO 3 . Our numerical calculations suggest that, for all these compounds, the orbital magnetization can be well described by the "standard" expression (1), in terms of the angular momentum operator and the sitediagonal density matrix, while all the "itinerant" corrections, originating from the modern theory, are negligibly small. Nevertheless, the smallness of these corrections is the result of rather nontrivial cancelation of relatively large contributions coming from different parts of the BZ.
There is a big difference in the behavior of orbital magnetization and ferroelectric (FE) polarization in improper multiferroics. In the latter case, the inversion symmetry is broken by some complex magnetic order, while the crystal structure itself, to a good approximation, can be regarded as centrosymmetric. Then, if the magnetic sites are located in the centers of inversion, Eq. (8) yields φ α ′ (r − R)|r − R|φ α (r − R) = 0, which means that there is no "local FE polarization", associated with the basis functions of the magnetic sites. Finite value of the FE polarization in this case is related to the k-dependence of the coefficients {c nk } of expansion of the Bloch eigenfunctions over the basis functions and can be obtained by applying the Berry-phase theory only for {c nk }. 38, 39 In this sense, and using an analogy with the modern theory for the orbital magnetization, one can say that the FE polarization in improper multiferroics is entirely itinerant quantity and can even serve as the measure of itineracy of magnetic system.
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The behavior of orbital magnetization in the normal FM insulators is fundamentally different. In this case, there are finite local magnetic moments, which are expressed in terms of matrix elements of the angular momentum operator in the Wannier basis, and these local magnetic moments provide the main contribution to the net orbital magnetic moment.
The itinerant corrections ∆M to this net FM moment, originating from the k-dependence of {c nk }, are considerably smaller. Thus, the orbital magnetic moment is mainly a local quantity.
The form of M(k) in the reciprocal space follows the behavior of Chern invariants.
Although the full integral over the BZ is small (or identically equals to zero in the case of Chern invariants), the integrand itself is finite and, moreover, can be strongly k-dependent.
By tracing this discussion back to the real space by means of the Fourier transform, this would mean that the considered quantities will have nonlocal (or off-diagonal with respect to the atomic sites) contributions and, for the normal insulators studied in this work, these nonlocal contributions will be substantially larger than the local (or site-diagonal) ones. This is one of the most interesting aspects of the modern theory of the orbital magnetization, which raises many new questions. Particularly, can these large nonlocal contributions be measured or can they contribute to other properties?
Another interesting issue is related to the first fundamental question -the direction for the improvement of SDFT. Will this large and essentially nonlocal part of the orbital magnetization contribute to the exchange-correlation energy, for instance -in the framework of frequently discussed in this context current SDFT? 5, 11, 17 Unfortunately, the explicit form of the exchange-correlation energy in terms of these orbitals currents is largely unknown, and today it is an open (but very interesting) question whether such theory can also improve the description of local orbital magnetization, which is probed by many experiments. As was pointed our in the Introduction, so far the dominant point of view was that the orbital magnetization is a local quantity and the main processes, which are missing in practical DFT calculations and which are responsible for the agreement with the experimental data can be also formulated in the local (or site-diagonal) form. [7] [8] [9] [10] In the light of this new funding, how general is this conclusion and how important are the non-local processes, associated with the appreciable k-dependence of the itinerant part of the orbital magnetization?
